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The intrinsic lifetime of the 2p0 shallow impurity state in silicon doped with P, As, Sb, or Bi has been
computed by combining matrix elements of the electron-phonon coupling within the density-functional per-
turbation theory, with the envelope function approximation for the impurity wave functions. The theoretical
lifetime due to the electronic interaction with intervalley phonons has been found to be 1.1 ns for P-doped
silicon, and this theoretical limit is much longer than has been previously believed for the last five decades.
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I. INTRODUCTION

Shallow impurity centers in silicon have recently attracted
a lot of attention in the context of the development of lasers
in the terahertz range. Indeed, the difference in the intrinsic
lifetime of different shallow impurity states allows for the
population inversion at temperatures lower than 30 K. For
example, in the case of Si doped with group V donors such
as P or Sb, the 2p0 state turns out to be particularly long
living and to be the lasing state. Therefore, the theoretical
understanding and prediction of the lifetime of shallow im-
purity states in silicon is crucial for the improvement of tera-
hertz lasers.1–3

However, the old and seemingly well-understood problem
of the lifetime of shallow impurity states and of the linewidth
of their Lyman spectral lines,4,5 contains new challenges both
theoretically and experimentally. The finite linewidth had
been attributed to a lifetime effect caused by the electron-
phonon coupling.6 However, the assumption that all impor-
tant inhomogeneous broadening mechanisms are minimized
in earlier experimental works4,5 has since proved to be inac-
curate: the isotopic disorder has recently been recognized as
an important source of inhomogeneous broadening �see, e.g.,
the first column of the Table I for Si:P�.7,10,14 Except for the
case of resonant interactions between zone-center optical
phonons and certain impurity states, as those occurring for
bismuth donors,15,16 the experimental intrinsic lifetime limit
of shallow impurity states in isotopically pure silicon �due to
the electron-phonon interaction� turns out to be much longer
than previously believed.

In this work, we show that this actual limit of the intrinsic
lifetime of the 2p0 state is still underevaluated by one order
of magnitude. Even in the most recent experimental work on
28Si :P, the observed width of the 2p0 state cannot be caused
only by the electronic interaction with intervalley phonons.
Indeed, the shallow impurity donor states are essentially
combinations of conduction-band states close to the
conduction-band minima �CBM or valleys�. The electron is
transferred from one equivalent minimum to another one via
the emission of a short-wavelength �intervalley� phonon. In
silicon, one distinguishes between f- and g-type intervalley
transitions �Figs. 1�a� and 1�b��. The energy differences be-
tween the impurity levels fix the frequencies of the phonons
allowed in the transitions �Fig. 1�c��. For the long-living 2p0
state of Si:P, Si:Sb, and Si:As, the lifetime is determined by

transitions from the 2p0 to the 1s�E� and 1s�T2� states, as-
sisted by emissions of longitudinal-acoustic �LA� g-type
phonons or transverse-acoustic �TA� f-type phonons, all
other transitions being forbidden by the energy conservation
law. We have computed the total transition rate of these
electron-phonon processes. The importance of the electron-
phonon coupling appears to have been largely overestimated
in all previous calculations,3,6,8,11 and the ab initio computa-
tion of the matrix elements turns out to be crucial in order to
overcome the latter overestimation.

II. THEORY

The inverse lifetime of the 2p0 shallow impurity donor
state in Si doped with group V donors has been computed
with our approach for the calculation of the electron-phonon
coupling constants in semiconductors,17,18 based on the
density-functional perturbation theory �DFPT�.19 Here it has
been combined with the envelope function approximation
which has proved successful in describing the shallow impu-
rity states.20 The shallow impurity wave function �� can be
expanded in the basis set of the conduction-band states with
a Wannier representation,

TABLE I. Si:P. First column: full width at half maximum of the
2p0 infrared-absorption line of isotopically enhanced or natural sili-
con. Other columns: theoretical linewidth of the 2p0 spectral line
due to the 2p0→1s�E ,T2� intervalley electron-phonon transitions,
computed with ab initio electron-phonon coupling constants �sec-
ond column� or with an effective deformation potential �previous
works, third column�.

� ��eV�

Expt. This work Prev. calc.

4�1.5 �Ref. 7�a 0.5c 17 �Refs. 8 and 9�d

10�1.5 �Refs. 7 and 10�b 0.6d 10 �Ref. 3�
21�7.0 �Ref. 4�b 20 �Ref. 11�

60 �Ref. 6�
aIsotopically pure 28Si.
bNatural Si.
cObtained with envelope function parameters from Ref. 12.
dObtained with envelope function parameters from Ref. 13.
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���r� = �
n,L

��
n �RL�wn�r − RL� , �1�

where wn�r� are Wannier basis functions, ���RL� are the
expansion coefficients, RL are lattice vectors, and the � in-
dex labels the localized impurity states �e.g., 2p0 and 1s�. We
point out that a Wannier basis is used here for the clarity of
the theoretical development and does not enter into the nu-
merical application. In this work, the one-band approxima-
tion has been considered and the band index n is going to be
omitted. In the envelope approximation,21 the Fourier trans-
form of �� reads

���RL� = �
�,s

�sF�
s ���eiksRLei�RL, �2�

where s labels the six equivalent CBM located at ks in the
reciprocal space and F�

s ��� are the envelope functions in the
Fourier space. The coefficients �s guarantee that the impurity
state has the proper symmetry.22

Using the well-known relationship between Wannier and
Bloch bases, an electron-phonon matrix element between lo-
calized impurity states reduces to a linear combination of the
electron-phonon matrix elements between Bloch states �k,

����Hel-ph��	� = �
ss����

�s
��s�F�

s����F	
s�����


��ks+��Hel-ph��ks�+��
� . �3�

When the latter are calculated with our approach,17,18 they
contain the perturbation of the self-consistent crystal poten-
tial �WQ�, induced by the phonon of wave vector Q, mode
�, and frequency 
Q

� . We have considered very low tempera-
tures and have neglected the absorption processes. The
momentum-conservation law for the emission of one phonon
implies that ��=ks−ks�+�+Q, where Q is meant to de-
scribe both normal and umklapp transitions. Furthermore, we
use the fact that Fourier-transformed envelope functions
F�

s ��� in Eq. �3� are strongly localized near �=0, and thus it
is justified to use a mean point approximation at �=0 in our
electron-phonon matrix elements. It is then convenient to
define the argument of the envelope function with a small
vector, q=Q+ks−ks�.

The transition probability per unit of time at low tempera-
ture between two impurity energy levels E� and E	 via the

spontaneous emission of one phonon can be calculated by
Fermi’s golden rule,

P�	 = �
qss�

�

�
Q
� ��s�2��s��

2�f�	
ss��q��2�Dks,Q

� �2��E� − E	 − �
Q
� � ,

�4�

where we have introduced the form-factor function,

f�	
ss��q� = �

�

F�
s����F	

s��� + q� , �5�

and the intervalley deformation potential proportional to the
modulus of the electron-phonon matrix element,17

Dks,Q
� =	2V�
Q

�

�
���ks

��WQ���ks+Q�� . �6�

V is the crystal volume and � is the Si mass density.
Our Eq. �4� is completely general and is not limited to the

allowed transitions for which Dks,Q
�0 at q=0, as in Refs. 8

and 16. The numerical implementation of Eq. �4� is possible
only with a method able to provide a realistic q dependence
�or, equivalently, Q dependence� of the intervalley deforma-
tion potential.17,18 To obtain the total scattering rate �, the
probabilities �Eq. �4�� for the transitions from the 2p0 state to
the 1s�E� and 1s�T2� states via both f-TA and g-LA phonons
are added up. The inverse linewidth �=� /� yields the 2p0
lifetime.

III. RESULTS

We have described pure silicon within the density-
functional theory �DFT� and the local-density approximation
�LDA�, with the pseudopotential of Ref. 23, a plane-wave
basis set with a cutoff energy of 45 Ry and a Monkhorst-
Pack grid of ten nonequivalent k points in the irreducible
Brillouin zone �BZ�. We have obtained an equilibrium lattice
parameter a of 5.40 Å. The conduction band minima were at
points equivalent to ks= �0,0 ,k0� 2�

a , with k0=0.84 in our cal-
culations and k0=0.85 in the scientific literature.24 The com-
puted transverse and longitudinal effective masses of the
lowest � valley were, respectively, mt=0.20m0 and
ml=0.97m0, where m0 is the electron mass, in complete
agreement with the measured ones mt=0.19m0 and
ml=0.98m0.25 The impurity energies are not calculated
within the DFT and the main drawback of the DFT-LDA,
i.e., the underestimation of the band gap, plays no role in this
study.

The phonon frequencies have been calculated within the
DFPT, and the computed and experimental phonon-
dispersion curves were in total agreement for Si.19 It has
been shown that the probability of presence of an electron in
the lowest conduction bands, given by the modulus of the
wave functions �ks+�, is well described within the
DFT-LDA.26 Therefore, the electron-phonon matrix elements
have been computed with the help of the wave functions
obtained in DFT.

Two kinds of envelope functions F�
s have been used for

the form-factor functions: those in the anisotropic form of

(b)(a) (c)

FIG. 1. Doped Si. Schemas �a� and �b�: f- and g-type intervalley
transitions �dashed lines� between the CBM. The planes perpen-
dicular to the vectors linking the CBM are defined for further use in
Fig. 2. Schema �c�: shallow impurity energy levels below the CBM.
The vertical arrows indicate the transitions studied in this work.
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Ref. 12, with the parameters obtained therein with the varia-
tional method27 and those with another set of parameters
obtained from the asymptotic behavior of shallow impurity
wave functions13,28 and used in previous calculations.8 The
sum over q in Eq. �4� has been computed on a very fine
uniform three-dimensional grid in q space with a step of
0.022�

a . It has been found to converge in a cube �q with an
edge of 0.28 2�

a centered at q=0.
The intervalley f-TA and g-LA deformation potentials

have a very complicated q dependence in the vicinity of a
symmetry-forbidden transition. We display in Figs. 2�a� and
2�b� the representative examples of their behavior in the se-
lected planes of Figs. 1�a� and 1�b�. When q=0, the interval-
ley transitions assisted by f-TA and g-LA phonons are for-
bidden by the symmetry selection rules and the deformation
potential vanishes. This fact had already been pointed out in
Ref. 30

However, not only are the f-TA and g-LA transitions
between two minima not permitted but they are also forbid-
den along several high-symmetry directions in the Brillouin
zone �Figs. 2�a� and 2�b��. But this does not mean that the
scattering by f-TA and g-LA phonons is impossible. As the
modulus of q grows, or in other words, as Q goes away from
high-symmetry directions, selection rules are lifted and the
deformation potentials increase very rapidly �Fig. 2�.

Yet, in order to obtain the total electron-phonon-scattering
rate of Eq. �4�, a sum including deformation potentials and
the form-factor functions of Eq. �5� has to be computed. All
form-factor functions used in this work have their maximum
in the neighborhood of q=0, where the deformation potential
vanishes, and are extremely localized. This has been illus-
trated in Figs. 2�c� and 2�d� for transitions between the 2p0
and 1s states of Si:P. Consequently, only a very tiny region
�q of the Brillouin zone yields a nonzero contribution to the
scattering rate.

Thus, our calculated linewidth of the 2p0 spectral line in
Si:P is 0.5 �eV or 0.6 �eV �Table I, second column�. Our

value of � is the only one which does not contradict experi-
mental data for isotopically enhanced Si �Table I, first col-
umn�, at variance with all other theoretical values �Table I,
third column�. We predict that the electronic interaction with
intervalley phonons has been largely overestimated in the
interpretation of experiments. On the contrary, our value of �
is lower by one order of magnitude than the most recent
experimental value for the full width at half maximum of the
2p0 state in 28Si.7

The theoretical lifetimes of the 2p0 state in Si doped with
P, As, Sb, or Bi lie between 1.1 and 2.4 ns �Table II�. Both f
and g processes are contributing to the lifetime. We point out
that experimental inverse lifetimes in isotopically enhanced
silicon are available only for phosphorus impurities and that
resonant intravalley interactions in Si:Bi are known to con-
siderably reduce the lifetime of the 2p0 state.15,16 The value
of the lifetime of the 2p0 state measured in pump/probe tran-
sient absorption experiments29 is, respectively, 0.205 ns and
0.105 ns in natural Si:P and natural Si:As. It is much smaller
than our corresponding theoretical lifetime in isotopically
pure silicon.

From the results of the Table II, several conclusions can
be drawn: our theoretical results support the outcomes of
Refs. 7, 10, and 14 that anterior experimental works4,5 con-
tained unrecognized sources of inhomogeneous broadening.
The width measured in Ref. 4 should be attributed to the
isotopic disorder rather than to the electronic coupling to
intervalley phonons, even though the latter is expected to be
increased by the lift of the selection rules induced by the
isotopic disorder. The role of the isotopic disorder should
also be recognized in the performance of the terahertz lasers
mentioned in the introduction.

IV. DISCUSSION AND CONCLUSION

Our results show that even in the latest experiment about
28Si,7 the width of the 2p0 spectral line cannot be interpreted
as uniquely due to electron-phonon intervalley transitions, as
has been done in the scientific literature so far. Although
effects beyond the electron-one phonon interaction cannot be
excluded, we estimate that their importance is small. A the-
oretical treatment of the effects of higher order processes
involving two and three phonons is, however, beyond the
scope of the paper. On the experimental side, the authors of

(a) (b)

(d)(c)

FIG. 2. Si:P. Left panels: f processes. Right panels: g processes.
Upper panels: the deformation potential D �eV /Å� in planes defined
as in Fig. 1�a� for f processes and Fig. 1�b� for g processes. Lower
panels: the form-factor function f2p0→1s�q� computed with the en-
velope functions of Ref. 12.

TABLE II. Theoretical lifetime of the 2p0 state in Si doped with
P, As, Sb, or Bi due to transitions from 2p0 to 1s�E ,T2� states
obtained with envelope parameters from Ref. 12. The separate life-
times of f-TA and g-LA processes are also given. Experimental
data �Ref. 29� have been measured in natural Si.

Lifetime
�ns� Si:P Si:As Si:Sb Si:Bi

� 1.1 1.8 1.3 2.4

� f 2.2 3.2 2.4 4.5

�g 2.1 4.1 3.0 5.2

Expt. 0.205 0.105
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Ref. 7 were measuring inhomogeneous widths. The latter
may be affected by strain fluctuations or other mechanisms.
For instance, the samples of Ref. 7 have been mentioned to
be chemically less pure than those in which the doping had
been obtained by nuclear transmutation.4 Furthermore, de-
spite its improvement, the instrumental resolution is still
three times larger than our theoretical expectation for the
linewidth �Table I�. On the other hand, the authors of Ref. 29
were measuring homogeneous broadenings �lifetimes� but in
samples with isotopic disorder. At this point in time, we
stress the difference with our theoretical values �Table II�. An
experiment like the one of Ref. 29 should be performed in an
isotopically pure sample of Si:P, where we expect the life-
time to be five times longer. If such is the case, the difference
could then be attributed to the isotopic disorder.

Turning to other theoretical results, we stress that the fact
that f-TA and g-LA intervalley transitions are forbidden by
symmetry has been neglected so far.3,8 All transitions have
been treated as allowed ones, with a constant effective
deformation potential �third column of the Table I�. This
approach had proved to be successful in modeling transport
properties of Si with Def f

f =0.3 eV /Å for f processes and
Def f

g =0.8 eV /Å for g transitions.25

But there is a fundamental difference between transport
properties and transitions between shallow impurity levels.
In the former problem, the intervalley scattering between the
CBM reduces the electronic mobility in Si doped with elec-
trons. The chemical potential lies close to the bottom of the
conduction band, and the distribution of electrons around the
chemical potential can be described by a function extended
in a rather wide region of the reciprocal space. Considering
Figs. 2�a� and 2�b�, this means that the electronic distribution
“probes” the large values of the deformation potential as well
as the small ones close to q=0. For instance, the mean values
of our ab initio deformation potentials averaged in the
above-defined volume �q are Dav

f =0.2 eV /Å for f-TA pro-
cesses and Dav

g =1.2 eV /Å for g-LA transitions, respec-
tively, close to the values of the effective potential used in
the simulation of transport properties and reported above.

In the case of the shallow impurity levels, on the contrary,
the form-factor functions f are very strongly localized

around q=0 �Figs. 2�c� and 2�d�� so that the values of the
deformation potential which contribute to the transition rate
are much smaller than the effective values for the transport
properties. Thus, it is not astonishing that the approach of
Refs. 3 and 8 unrealistically overestimated the importance of
the electron-phonon coupling. This contribution to the mo-
bility of the electron-intervalley phonon scattering should be
strongly dependent on the chemical potential. However, in
the mobility of Si, this effect is masked owing to the much
higher scattering rates that arise from the ionized
impurities,30 from the high-energy phonons,30 and from the
plasmons.31

In conclusion, we have calculated the intrinsic lifetime of
shallow impurity states in silicon by combining the ab initio
matrix elements of the electron-phonon coupling, with the
envelope function approximation for the impurity states. The
computed lifetime turns out to be much longer than has been
thought for the last 50 years and suggests that the value of
the linewidth actually observed in the infrared experiment on
isotopically enhanced silicon is due not only to the electronic
interaction with intervalley phonons. Our theoretical upper
limit for the intrinsic lifetime of shallow impurity states pro-
vides a new challenge for the understanding of fundamental
processes in silicon.
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